A formal perceptual study shows that the perceptually optimal choice of regularization parameter varies from the minimum mean-square error parameter as a function of the original image, the point-spread function, and the signal-to-noise ratio. However, further studies show that this variation has only a slight e ect on the perceived quality of the restoration.
Introduction
In this correspondence, we consider the problem of restoring images in which the degraded image g can be described by g = Df + n; (1) where D is a linear operator describing the blurring operation, f is the original image ordered lexicographically, and n is additive noise. The goal is to recover a close estimate of f. Regularization has proved to be a very e ective tool for suppressing noise ampli cation while deblurring the 
where is the regularization parameter, L is the regularization operator, and k k represents the 2-norm. (The discrete Laplacian was used as the regularization operator for all restorations described in this paper.)
The choice of has a tremendous impact on the quality of the restoration both in terms of objective measures such as mean-square error (MSE) as well as in terms of the perceived quality of the image. A larger value of will yield a smoother image, while a smaller value will yield a sharper but noisier image. The optimal choice of depends on the image, the type of blurring, and the noise variance.
A number of methods have been proposed for determining the optimal for a given image. times with increasing precision so that the subjects had an opportunity to become accustomed to the experiment and so that the threshold could be more precisely determined.
We used a total of seven degraded images. The originals are shown in Figure 1 , and the degradation process for each is summarized in Table 1 . The rst step was to compute the MMSE choice of for each image, which we denote o . The o 's for each image are also listed in Table 1 .
A total of 33 restorations were computed for each image with ranging from 0:01 o to 100 o in equally spaced increments in the log domain and numbered from 1 to 33 (#17 MMSE image).
Equal spacing in the log domain was used because MSE is relatively at over a large range of .
Furthermore, this spacing gives a nearly normal distribution of perceptual preferences. In the rst tracking step, Images 1, 5, 9, 13, 17, 21, 25, 29, and 33 were placed randomly in a 3 3 grid and then displayed on a computer monitor. Each subject was asked to choose the image that was \most visually pleasing." No constraints were placed on the subject in terms of time limitations or distance to the display. Once the subject made a choice, a new set of nine images was selected according to the following rules: 1) the previously selected image was included. 2) the other images were chosen to be every third image above and below the previously selected image. 3) the range of images was chosen so that the previously selected image was as close to the middle of the range as possible. For example, if #9 were chosen in the rst stage, then the new set of images would be 3, 6, 9, 12, 15, 18, 21, 24, and 27. Once again, these images were arranged randomly and displayed in a 3 3 grid to allow a new selection. This process was repeated using the same rules but with a spacing of every other image and then repeated once more with no spacing between images.
The nal image chosen by each subject was recorded and tallied in a histogram. The histograms for the seven images are shown in Figure 2 . A combined histogram of all seven images is also shown. Table 2 gives the mean and standard deviation for each image. The histograms and statistics are computed in terms of image number rather than log , since this allows for a clearer comparison to the MMSE choice for each image and permits comparisons among di erent images.
Discussion
A number of interesting conclusions can be drawn from the data gathered from this experiment. From this experiment we can see that MSE does not always yield an estimate for that is equivalent to the perceptually optimal choice. However, the di erence between the MMSE choice and the perceptually optimal choice of is not consistent. Thus, there appears to be no consistent way to adjust the MMSE choice of to obtain the perceptually optimal value. The perceptual choice is a ected by the original image, the PSF, and the noise level but not in ways that are obviously predictable.
Note that the perceptually optimal image is a highly individual choice. A given individual may prefer a smoother, less noisy image or a sharper but noisier one. When we speak of perceptual optimality, we are referring to optimality with respect to the population, not a particular individual.
Perceptual rating experiment
Given that the MMSE choice of is di erent from the perceptual choice, how much di erence in perceptual quality exists between the perceptually optimal image and the MMSE image? Our second experiment was designed to answer this question. 1-9) . MSE values were also computed for each image and plotted on the same graphs. These graphs are shown in Figure 3 .
For all but two images, the MMSE image coincides with the perceptually optimal image at the resolution of the experiment. For the image Fr-O-20, the perceptually optimal image was # 6 rather than # 5. However, the perceptual rating at # 5 was only 2% lower than the highest-rated image.
For the image Tx-O-30, the perceptually optimal image was # 4 rather than # 5. In this case, the perceptual rating at # 5 was 4% lower than the highest-rated image. Thus, these experiments support the conclusion that the MMSE image is very nearly perceptually optimal. In all ten cases, the curves are rather at around the perceptually optimal point. (Note that a spacing of one image is equivalent to a spacing of four images in the previous experiment.) Therefore, the MMSE image can usually be considered a good approximation to the perceptually optimal image.
Discussion
We have answered some important questions regarding the perceptual evaluation of regularized restorations. MSE does not yield the perceptually optimal choice of . In fact, the perceptually optimal choice relative to the MMSE choice depends on the original image, the PSF, and the SNR.
However, the MMSE choice of is usually close enough to the perceptually optimal choice that the MMSE restoration has a perceptual quality rating that is very nearly optimal. Therefore, MSE can be used to approximate the perceptual e ect of the regularization parameter choice under most circumstances.
In spite of the information gathered from this experiment, a number of questions remain unanswered. We did not investigate the impact of di erent regularization operators on perceived quality.
However, we have observed in our experiments that the choice of regularization operator usually has little impact on perceived quality. This may indicate that the perceptually optimal image relative to the MMSE image varies little with di erent regularization operators.
Another unanswered question is the e ect of the assigned task on the perceptual data. For example, if instead of asking for the most visually pleasing choice we had asked for the choice in which the scene is most discernible, the results might have been di erent. This may explain why the perceptually optimal text image Tx-O-30 corresponded to such a low value for . (The perceptually preferred image was sharper but noisier than the MMSE image.) The subjects may have subconsciously adopted a di erent subjective criterion for this image. This image di ers from the others in two respects | 1) it may be perceived as a binary image, and 2) the patterns formed by the image have a highly symbolic meaning. On one hand, the subjects may have attempted to choose the most legible text rather than using the same aesthetic criterion that was used for the other images. This hypothesis could be tested by administering a survey on a similar binary image that is without any symbolic meaning. On the other hand, the fact that the image could be perceived as binary may have increased the usual tolerance for noise while decreasing the tolerance for blurriness. Further experiments might elucidate this issue.
Although the experiments described here provide useful qualitative information regarding the subjective impact of the regularization parameter, they do not provide quantitative information;
that is, we cannot derive a modi ed objective criterion to model and predict subjective quality based solely on the experiments described here. These issues are areas for further research. 
